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ABSTRACT 

The s e c a n t  method a s  proposed by P .  Wolfe (Ref. 1) 

i s  e x p l a i n e d  i n  such a manner as t o  make i t  i n t e l l i g i b l e  f o r  

t h o s e  u s e r s  of t h e  method not hav ing  a t o o  profound mathematical 

background. The method i s  a v a i l a b l e  i n  t h e  Bellcomm computer 

l i b r a r y  as Subrou t ine  Wolfe and i s  p r e s e n t l y  used i n  t h e  t ra -  

j e c t o r y  program d e s c r i b e d  i n  Reference  2 .  

The method i s  e x p l a i n e d  f i r s t  f o r  one t h e n  f o r  two 

dimensions and t h e  r e l a t i o n s h i p s  are f i n a l l y  ex tended  t o  n 

d imens ions .  It i s  hoped t h a t  by u n d e r s t a n d i n g  how t h e  method 

works t h e  r e a d e r  may make a more i n t e l l i g e n t  u se  of i t .  
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MEMORANDUM FOR FILE 

I n t r o d u c t i o n  
The s e c a n t  method f o r  s o l u t i o n  o f  s imul t aneous  non- 

l i n e a r  e q u a t i o n s  i s  e x p l a i n e d  ve ry  b r i e f l y  i n  Reference  1. 
U n f o r t u n a t e l y ,  t h i s  r e f e r e n c e  does  n o t ,  i n  i t s  s c a n t  1-1/2 page 
a r t i c l e ,  show t h e  geomet r i c  s i g n i f i c a n c e  o f  t h e  method, n o r  
does i t ,  i n  its very  s u c c i n c t  t r e a t m e n t  o f  t h e  s u b J e c t ,  g i v e  
many e x p l a n a t i o n s .  The r e a d e r  w i t h  l i m i t e d  ma themat i ca l  back- 
ground w i l l  t h e r e f o r e  no t  ge t  t o o  much o u t  o f  i t .  

of more f u l l y  e x p l a i n i n g  t h e  method. It does no t  propose  any 
improvements . 

T h i s  memorandum was w r i t t e n  f o r  t h e  unique purpose  

Purpose and Use of  t h e  Secant  Method 

t o  compute some q u a n t i t i e s  by t r i a l  and e r ro r .  T y p i c a l l y ,  i t  
may b e  des i red  t o  de t e rmine  by t r i a l  and e r r o r  some i n p u t  
parameters t o  a f u n c t i o n  i n  such a manner t h a t  c e r t a i n  o u t p u t  
parameters r e a c h  a desiqed v a l u e .  

The s e c a n t  method i s  u s e f u l  whenever i t  i s  des i red  

S c h e m a t i c a l l y ,  t h i s  may be r e p r e s e n t e d  as shown below: 
I , i I 

Approximat i o n  
of  I n p u t  

Par ame t e r 

Set o f  Equat ions  >I D i f f e r e n c e  Between 
Ac tua l  and D e s i r e d  
Value o f  Output  
Parameter 
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The b l o c k  r e p r e s e n t i n g  t h e  "Set o f  Equa t ions"  may b e  

though t  o f  as a d e v i c e  which, f o r  a g i v e n  approx ima t ion  o f  t h e  
i n p u t  parameters, computes t he  d i f f e r e n c e  between t h e  a c t u a l  and 
des i red  v a l u e  of  t h e  o u t p u t  pa rame te r s .  The b l o c k  r e p r e s e n t i n g  
t h e  "Secant  Method", on t h e  o t h e r  hand, r e p r e s e n t s  a d e v i c e  
which, f o r  a g i v e n  s e t  of  e r r o r s  o f  o u t p u t  p a r a m e t e r s ,  p r o v i d e s  
a b e t t e r  approximat ion  of  t h e  i n p u t  parameters. It has t o  be  

assumed, o f  c o u r s e ,  t h a t  t h e  e q u a t i o n s  cannot  be  s o l v e d  i n  re- 
v e r s e ,  i . e . ,  the  i n p u t  parameters  cannot  be d e r i v e d  d i r e c t l y  by  

e n t e r i n g  t h e  des i red  o u t p u t  pa rame te r s  i n  t h e  e q u a t i o n s  because  
i n  t h i s  c a s e  there  would no t  be a purpose  i n  u s i n g  t h e  method. 
The method w i l l  b e  e x p l a i n e d  by u s i n g  two examples.  The f i rs t  
example a p p l i e s  t h e  method t o  a one-dimensional  problem, t h e  
second t o  a problem i n  two dimensions.  The examples s e l e c t e d  
are t r i v i a l .  T h e i r  s o l e  purpose i s  t o  e x p l a i n  t h e  method. 

One-Dimensional Example 

F ind  t h e  number, x ,  whose s q u a r e  i s  30. (I t  has been 
assumed t h a t  t h e  problem may not b e  s o l v e d  by d e t e r m i n i n g  t h e  
s q u a r e  r o o t  o f  3 0 . )  

i s  30 b e  4 .  Refer  now t o  F igu re  1 on which t h e  d i f f e r e n c e  be tween 
t h e  a c t u a l  and d e s i r e d  v a l u e ,  i . e . ,  t h e  e r r o r  Eo = x2 - 30 i s  
p l o t t e d  v e r s u s  x .  It w i l l  now b e  shown how, by u s i n g  t h e  s e c a n t  
method, a b e t t e r  g u e s s  f o r  x may b e  de t e rmined .  

It p r o v i d e s  x2  = 1 6  and t h e  e r r o r  Eol r e p r e s e n t e d  by  t h e  segment 
PIAl i s  Eol = 16-30 = - 1 4 .  An a d d i t i o n a l  p o i n t  i n  t h e  ne ighbor-  
hood of t h e  f irst  one i s  s e l e c t e d .  
x = 2.  

Eo2 = 4-30 = -26. 

Let  t h e  f i rs t  approximat ion  of  t h e  number whose s q u a r e  

The f i rs t  g u e s s ,  x = 4 ,  i s  r e p r e s e n t e d  by p o i n t  Pl.  

L e t  t h i s  be  p o i n t  P2  hav ing  
I ts  e r r o r ,  Eo2 ,  r e p r e s e n t e d  by  t h e  segment P2A2, i s  

The s t r a igh t  l i n e  th rough  p o i n t s  A1 and A 2  i s  
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2 the secant to the parabola y = x . It intersects the Eo = 0 

line at a point P corresponding to an x = 6.3333. This new 
value is a little closer than the original guess, point P1. 
It is used as the second approximation. Corresponding error, 
Eo3, represented by segment P3A3, is Eo3 = 40.11-30 = 1 0 . 1 1 .  

One of the two old points P1 and P2 having the largest error 
is now discarded and a new secant drawn connecting the remain- 

This new secant ing one, A1, with the new approximation A 
intersects the Eo = 0 line at point P4 having an x value of 
5.35. This point P4 is the third approximation. The procedure 
could be continued by discarding each time the one of the two 
old points having the largest error and drawing the new secant 
by connecting the remaining one with the latest approximation 
until the desired accuracy is obtained. 

used it is necessary to pick a second point. For all other 
iterations, the point representing the last guess is connected 
to the best of the previous ones. 

For this one-dimensional case the procedure is simple 
and straightforward. In the next subsections, it will be shown 
how the same principle is applicable to two o r  more dimensions. 

3 

3' 

Note that the first time that the secant method is 

Two-Dimensional Example 

It is desired to find a point B of given Cartesian 
coordinates ( 4 , 3 )  by defining the radius R and the anomaly a. 
Given R and cc the Cartesian coordinates are provided by 

x = R cos a 
y = R sin cc 

Or the errors El and E2 between 
actual and desired value of x 
and y by: 

E~ = x - 4 = ( R  cos a) - 4 
E2 = y - 3 = ( R  sin a) - 3 

X 4 
(1) 
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The problem c o n s i s t s  i n  making El and E2 t h e  e r r o r s  i n  t h e  

x and y d i r e c t i o n  as small as p o s s i b l e .  

t o  e x p l i c i t l y  s o l v e  t h e  Equat ions (1) above f o r  R and a .  

shown how t h e  s e c a n t  method de termines  a b e t t e r  one. The method 
i s  e s s e n t i a l l y  t h e  same as b e f o r e  excep t  t h a t  due t o  t h e  added 

dimension s e c a n t  p l a n e s  w i l l  have t o  be drawn i n s t e a d  of s e c a n t  
l i n e s .  

It w i l l ,  o f  c o u r s e ,  b e  assumed t h a t  i t  i s  n o t  p o s s i b l e  

Given an  i n i t i a l  approximat ion  f o r  R and a i t  w i l l  be 

L e t  t h e  f i rs t  guess  b e :  

R = 1 0  

a = 30' ( 2 )  

The v a l u e  o f  x o b t a i n e d  from the  f i r s t  e q u a t i o n  o f  (1) by sub- 
s t i t u t i n g  t h e  v a l u e s  g i v e n  i n  ( 2 )  i s  8 .66  and t h e  e r r o r  Ell = 4 . 6 6 .  

s k e t c h  showing El, t h e  error i n  x, as a f u n c t i o n  of  t h e  i n p u t  
pa rame te r s  R and a .  Fo r  t h e  g iven  i n i t i a l  guess  r e p r e s e n t e d  by  
t h e  p o i n t  Q, ( R  = 1 0 ,  a = 3 0 )  t h e  e r r o r  i n  x E , ,  i s  g i v e n  by  t h e  

Reference  i s  now made t o  F i g u r e  2 .  It i s  an  i s o m e t r i c  

I II 

v e r t i c a l  d i s t a n c e  Q1 P1. 
t h e  R ,  a p l a n e  which has a s l i g h t l y  d i f f e r e n t  R ,  s a y  R = 1 0 . 6 2 5 ,  
b u t  t h e  same a .  

may b e  c a l l e d  E12, i s  i n  t h i s  c a s e  5 . 2 0 1  and i s  r e p r e s e n t e d  by  

t h e  v e r t i c a l  d i s t a n c e  P2 Q2. 

A second p o i n t  Q2 will b e  s e l e c t e d  i n  

L e t  Q2 be t h a t  p o i n t .  The e r r o r  i n  x ,  which 

Due t o  t h e  added dimension,  a t h i r d  

p o i n t  Q 

s l i g h t l y  d i f f e r e n t  v a l u e  of a ,  s a y  31 .9 .  
i s  now s e l e c t e d  which has t h e  same R v a l u e  as Q2 b u t  a 3 

T h i s  p o i n t  Q 2  p r o v i d e s  
-I 

The 3 p3* a n  e r r o r  E o f  5 . 0 2 2  r e p r e s e n t e d  by t h e  segment Q 

p o i n t s  P1, P 2 ,  and P3 are t h r e e  p o i n t s  of  t h e  s u r f a c e  r e p r e s e n t -  
i n g  El, t h e  e r r o r  

13  

i n  x.  The p l a n e  through t h e  p o i n t s  P1, P2, 
and P By e x t e n d i n g  t h e  

P1P2 l i n e  i n  t h e  a = 30° plane ( p a r a l l e l  t o  t h e  El, R a x e s ) ,  one 
o b t a i n s  p o i n t  C1 as a n  i n t e r s e c t i o n  o f  t h a t  l i n e  w i t h  t h e  R , a  

i s  a s e c a n t  p l a n e  t o  t h e  El s u r f a c e .  3 
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p l a n e .  
l i n e  i n  t h e  R = 10.625 p l a n e  (para l le l  t o  t h e  El, a axes) 
t o  i n t e r s e c t  R , a  p l a n e .  A l i n e  al c o n n e c t i n g  p o i n t s  C1 and D1 
i s  t h e  i n t e r s e c t i o n  between t h e  s e c a n t  p l a n e  t o  t h e  s u r f a c e  El 
and t h e  R , a  p l a n e .  
g i v e  a smaller e r r o r  f o r  El t han  any o f  t h e  i n i t i a l l y  s e l e c t e d  
p o i n t s  Q1, Q2,  and Q3. 
a lways n e c e s s a r i l y  so.  

t o  F i g u r e  3 .  

S i m i l a r l y ,  p o i n t  D1 is o b t a i n e d  by e x t e n d i n g  t h e  P2P3 

Any p o i n t  o f  l i n e  a1 would b e  expec ted  t o  

A s  w i l l  be  e x p l a i n e d  l a t e r ,  t h i s  i s  n o t  

The s u r f a c e  El r e p r e s e n t s  t h e  e r r o r  i n  x .  Refer now 
If  t h e  s u r f a c e  E2 r e p r e s e n t s  t h e  e r r o r  y ,  t h e n  f o r  

and E are 23 and Q3 e r r o r s  E21, E2*, 
i n  a n  R,cr,E2 s p a c e .  

--- Q2 t h e  same p o i n t s  Q1, 

Q S r e p r e s e n t e d  by t h e  segments  QIS1, Q2S2, 3 3  
A s  i n  t h e  R ,  a,E1 space  a s e c a n t  p l a n e  t o  t h e  E2 

T h i s  3 '  s u r f a c e  may b e  l a i d  th rough  t h e  p o i n t s  S1, S2, and S 

p l a n e  i s  found t o  i n t e r s e c t  t h e  R , a  p l a n e  a l o n g  a l i n e  a2 go ing  
th rough  p o i n t s  C 2  and D2. 
p u t i n g  Equa t ions  (1) shou ld  give a s m a l l e r  e r r o r  i n  E2 t h a n  t h e  

ones o b t a i n e d  u s i n g  p o i n t s  Q,, Q,, Q3. 

S i n c e  any p o i n t  on l i n e  al i n d i c a t e s  a b e t t e r  p o i n t  f o r  s u r f a c e  
El and any p o i n t  on a2 a b e t t e r  p o i n t  f o r  s u r f a c e  E 2 ,  t h e n  t h e  

i n t e r s e c t i o n  of t h e  two l i n e s ,  p o i n t  Q 4 ,  shou ld  p r o v i d e  s m a l l e r  
e r r o r s  f o r  b o t h  El and E2 .  
ma t ion .  
R = 4 . 9 7 4 ;  a = 32.3O. For  t h e s e  v a l u e s ,  Equa t ions  (1) p r o v i d e  
a n  x and y v a l u e  from which E14 = x - 4 = . I607  and 
- .2746.  These e r r o r s  are indeed  c o n s i d e r a b l y  smaller t h a n  any 
of t h o s e  o b t a i n e d  u s i n g  p o i n t s  Q,, Q,, Q3- 

t a k e n  as t o  which of t h e  o l d  p o i n t s  shou ld  b e  e l i m i n a t e d .  I n  
t h e  one-d imens iona l  c a s e  i t  i s  s imple  t o  d e s i g n a t e  t h e  p o o r e s t  
estimate.  I n  t h e  c a s e  o f  two o r  more d imens ions  i t  i s  a l i t t l e  

Any p o i n t  a l o n g  l i n e  a2 used f o r  com- 

On F i g u r e  2 l i n e  a2 from F i g u r e  3 has been drawn. 

Po in t  Q4 i s  t a k e n  as t h e  new approx i -  
I n  t h e  p r e s e n t  c a l c u l a t i o n ,  p o i n t  Q4 has t h e  c o o r d i n a t e s  

= y - 3 = 

A t  t h i s  p o i n t  i n  t h e  c a l c u l a t i o n  a d e c i s i o n  has t o  be  
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more compl i ca t ed .  I n  Reference  1 t h e  p o i n t  hav ing  t h e  largest  
sum o f  t h e  s q u a r e s  of t h e  e r r o r s  i s  e l i m i n a t e d .  I n  t h e  Bellcomm 
v e r s i o n  of t h i s  s u b r o u t i n e  (Reference  3) a more complex c r i t e r i o n  
i s  used.  With t h e  nomenclature  used  above where t h e  e r r o r s  i n  
x are  d e s i g n a t e d  Eli and t h e  ones  i n  y d e s i g n a t e d  E2i ( w i t h  i 
d e s i g n a t i n g  t h e  p o i n t )  t h e  q u a n t i t i e s  

2 E, 1 2 E, -I LI 
2 2 2 t - IJ. 

K1 - 2 2 2 
E12 + E13 E21 E22 ' E23 

2 2 
E22 

2 2 2 - E12 t K2 - 2 2 2 
E12 ' E13 E21 E22 ' E23 

( 3 )  

2 2 

2 
E23 

2 2 2 2 + E  E12 ' E13 E21 E22 23 

+ - E13 
2 K3 - 

are computed and t h e  p o i n t  having  t h e  largest  K e l i m i n a t e d .  
T h i s  method adds f o r  each  p o i n t  Q,, Q,, and Q t h e  r e l a t i v e  
e r r o r s  i n  t h e  two s p a c e s  and compares t h e i r  sums. 

3 

F i g u r e  4 shows t h e  r e l a t i v e  p o s i t i o n  o f  t h e  p o i n t s  
Qi i n  t h e  R , a  p l a n e .  The three  i n i t i a l  p o i n t s  Q,, Q,, and Q 

were used  t o  p r o v i d e  a new approximat ion:  p o i n t  Q 4 .  Then, 
t h r o u g h  the  u s e  o f  Equa t ion  3 p o i n t  Q3 i s  e l i m i n a t e d  and t h e  
c a l c u l a t i o n  i s  repeated us ing  p o i n t s  Q,, Q 2 , . a n d  Q 4 .  
p l a n e  may be  l a i d  th rough  p o i n t s  P1, P2, and P4 i n  t h e  R ,a ,E1  
s p a c e  and a n o t h e r  t h rough  p o i n t s  S1, S,, and S 4  i n  t h e  R , a , E 2  

space.  The i n t e r s e c t i o n  of these two s e c a n t  p l a n e s  w i t h  t h e  

R,a p l a n e  p r o v i d e s  p o i n t  Q Through t h e  u s e  of Equa t ions  3 
p o i n t  Q, i s  e l i m i n a t e d .  

3 

A s e c a n t  

5 '  
The p rocedure  i s  r e p e a t e d  u s i n g  p o i n t s  
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Ql, Q4, and Q5 w i t h  p o i n t  Q6 determined .  
con t inued  u n t i l  t h e  e r r o r s  El and E2 are b o t h  smaller t h a n  some 
desired v a l u e .  

The procedure  may b e  

A t  t h i s  p o i n t  it may be i n t e r e s t i n g  t o  n o t e  t h e  
d i f f e r e n c e  between t h e  one and t h e  two-dimensional example. I n  
t h e  one-dimensional  c a s e ,  t h e  new approximat ion  i s  found as an  
i n t e r s e c t i o n  between a s e c a n t  l i n e  and t h e  z e r o  e r r o r  l i n e .  I n  
t h e  two-dimensional example, i t  i s  found by i n t e r s e c t i n g  t h e  
s e c a n t  p l a n e s  d e f i n e d  by t h e  e r r o r s  o f  t h e  two e q u a t i o n s  w i t h  t h e  
z e r o  e r ro r  p l a n e .  

I n  t h e  d e s c r i p t i o n  g i v e n  s o  f a r ,  i t  has a lways  been 
i m p l i e d  t h a t  eve ry  new guess  p rov ides  a smaller e r r o r  t h a n  any 
of  t h e  p r e v i o u s  ones .  Although t h i s  was a l s o  t he  c a s e  f o r  t h e  
two g i v e n  examples,  i t  w i l l  not always be s o ,  nor  i s  t h i s  neces-  
sary f o r  convergence.  Taking the two-dimensional example i t  w i l l  
o c c a s i o n a l l y  happen t h a t  due t o  t h e  r e l a t i v e  p o s i t i o n  o f  t h e  

s e c a n t  p l a n e ,  w i t h  r e s p e c t  t o  t h e  e r r o r  s u r f a c e  El o r  E2, t h e  new 
guess  w i l l  p r o v i d e  a larger error t h a n  t h e  p r e v i o u s  one. I n  such  
a c a s e ,  however, an  improvement i s  expec ted  i n  t h e  nex t  i t e r a t i o n .  
After  t h e  "worst"  of t h e  o l d  p o i n t s  has been discarded and t h e  

r ema in ing  ones combined w i t h  t h a t  new guess  t h e  new i n t e r s e c t i o n  
o f  t h e  two new s e c a n t  p l a n e s  with t h e  R,a  p l a n e  may very  w e l l  
p r o v i d e  a much b e t t e r  p o i n t  and make t h e  p r o c e s s  converge.  

I n  c a s e  t h e  i n i t i a l  g u e s s  i s  t o o  f a r  from t h e  f i n a l  
s o l u t i o n ,  t h e  method w i l l  n o t  converge.  There i s  no q u a n t i t a t i v e  
c r i t e r i o n  t o  e s t a b l i s h  how c l o s e  t h e  i n i t i a l  guess  has t o  be from 
t h e  f i n a l  s o l u t i o n ;  however, i n  t h e  two-dimensional c a s e  a n  
i n i t i a l  e r r o r  of 100% i s  a c c e p t a b l e  most of t h e  t i m e .  

G e n e r a l i z a t i o n  t o  a n  n-Dimensional Example 

I n  t h e  p rev ious  s u b s e c t i o n  t h e  s e c a n t  method was 
e x p l a i n e d  as a p p l i e d  t o  a two-dimensional problem by u s i n g  p u r e l y  
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geomet r i c  concep t s .  Using t h e s e  geomet r i c  concep t s  formulae  
w i l l  be d e r i v e d .  These formulae w i l l  b e  l a t e r  ex tended  t o  n 
d imens ions .  

I n  t he  p r e v i o u s  s u b s e c t i o n  t h e  th ree  p o i n t s  Q,, Q,, 
and Q p rov ided ,  by  s o l v i n g  Equat ions  1, t h e  p o i n t s  3 

i n  t h e  R ,  a, El s p a c e  and t h e  p o i n t s  

i n  t h e  R ,  a, E2 space .  

For a new g u e s s ,  say p o i n t  Q4 (R4, a4,  0 )  i n  t h e  R ,  a 

p l a n e ,  t o  be long  t o  t h e  p l a n e  th rough  p o i n t s  PI ,  P2, P 
n e c e s s a r y  and s u f f i c i e n t * t h a t  i t s  c o o r d i n a t e s  s a t i s fy  t h e  con- 
d i t i o n s  : 

i t  i s  3 

R 4  = nlRl + n 2 R 2  + T 3 3  R (4) 

a 4  = nlal + n a + n3a3 2 2  ( 5 )  

*See, f o r  i n s t a n c e ,  page 50 o f  Reference  4 .  
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where 
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"1 + "2 + " 3  = 

Fur thermore ,  f o r  that  same p o i n t  t o  be long  a l s o  
t o  t he  p l a n e  th rough  p o i n t s  Sl, S2, S 

s u f f i c i e n t  t h a t  i t s  c o o r d i n a t e s  s a t i s fy  t h e  c o n d i t i o n s  
i t  i s  n e c e s s a r y  and 3 

+ I ~ ~ R ~  + IT R 
3 3  

R 4  = rlR1 

+ r a  2 2 + "3a3 

0 = nlE21 + 7'r2E22 + "3E23 

+ I T  = 1  "1 + "2 3 

( 7 )  

It w i l l  b e  no ted  t h a t  Equat ions  4 ,  5, and 7 are i d e n t i c a l  
t o  Equa t ions  8 ,  9, and 11. Consequent ly ,  Equat ions  6 ,  1 0 ,  and 
11 may be used t o  compute t h e  parameters  IT^, m2, and IT 

Equa t ions  4 and 5 t o  o b t a i n  t h e  v a l u e s  of t h e  c o o r d i n a t e s  o f  
t h e  new guess ,  i . e . ,  R 4  and a4. 
l a b o r i o u s  p r o c e s s  of f i t t i n g  s e c a n t  p l a n e s  th rough  t h e  e r r o r  
s u r f a c e s  El and E2 have been r e p l a c e d  by s o l v i n g  a s y s t e m  o f  

3 
l i n e a r  e q u a t i o n s  (Equa t ions  6 ,  1 0 ,  and 11) i n  vl, 7r2, and II 

and s u b s t i t u t i n g  these  v a l u e s  o f  IT i n  a n o t h e r  s e t  of l i n e a r  
e q u a t i o n s  t o  o b t a i n  t h e  c o o r d i n a t e s  of  t h e  new g u e s s .  

and 3 

It has now been shown how t h e  

I n  go ing  t o  a problem having  more t h a n  two d imens ions ,  
t h e  geomet r i c  approach  becomes very  d i f f i c u l t  t o  v i s u a l i z e .  It 
i s ,  however, very  easy t o  e x t e n d  t h e  a n a l y t i c a l  method t o  a 
problem i n  n d imens ions .  

Let i t  b e  assumed t h a t  i t  i s  des i red  t o  de t e rmine  n 
f u n c t i o n s  

f i ( X )  i = 1, ... , n ,  
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where x r e p r e s e n t s  n independent  v a r i a b l e s  xl ,  x2 ,  x3, ... , xn. 
The v a l u e  o f  t h e  f u n c t i o n s  f i  shou ld  approach  a c e r t a i n  v a l u e  
o r  t h e  e r r o r  between t h e  d e s i r e d  and a c t u a l  v a l u e  o f  f i ( x )  shou ld  
b e  small. 

L e t  Ei be t h e  error  where i may go from 1 t o  n .  The 
i n i t i a l  guess  may be  r e p r e s e n t e d  by a p o i n t  xil and it i s  neces-  
s a r y  t o  s e l e c t  n more i n i t i a l  p o i n t s  by p e r t u r b i n g  each  o f  t h e  
n d imens ions ,  t h e r e f o r e  o b t a i n i n g  n t 1 p o i n t s  x where 
j = 1, ... , n t 1. 

i j  

G e o m e t r i c a l l y ,  t h e  i n t e r s e c t i o n  o f  t h e  n s e c a n t  hyper-  
p l a n e s  w i t h  t h e  z e r o  e r r o r  hype rp lane  w i l l  g i v e  t h e  n c o o r d i n a t e s  
o f  t h e  new g u e s s .  

Using t h e  a n a l y t i c a l  method t h e  n f u n c t i o n s  f i ( x )  are  
s o l v e d  f o r  n t 1 p o i n t s  p r o v i d i n g  a n  array o f  n x ( n t l )  e r r o r s  
E where t h e  i n d e x  i i d e n t i f i e s  t h e  e q u a t i o n  and t h e  index  j 
t he  p o i n t .  

1 9 3  

The l i n e a r  system of n t 1 e q u a t i o n s  

t ... t 71 E = o  "lE1, 1 =2E1 ,2  n t l  1 , n t l  

-k ... + TI E - 0  " l E 2 ,  1 =2E2,2  n t l  2 , n t l  - 

= l E n ,  1 "zEn,2 t ... + 71 n + l  E n , n t l  = o  

= o  " n t l  ... "1 "2 

i s  s o l v e d  p r o v i d i n g  a s o l u t i o n  f o r  TI ( j = l ,  ... , n t l ) .  These 
j 
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values are used to obtain the values of the new guess: 3 

x 1 = nl t El,2 n2 t ... El,n+l 

- 
x2 - E2,1 "1 + E2,2 n 2  + ... + E2,nt~ 'n+l 

. 
71 n,n+l n+l t E  r2 t ... + E 

n,l '1 n,2 
x = E  n 

These equations are essentially the ones given in 
Reference 1. 

The process of eliminating the "worst" of the previous 
points may be done either by eliminating the one giving the 
largest sum of squares of errors, as suggested in Reference 2, 
or using the weighted average method given in Formulae 3 .  
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